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AHHOTaUlHSI 

PaccMaxpHEaeTca Bonpoc o 6 acHMnTOTHMecKoii rjiy 6 HHe o 6 paTHMbix 
cxeM, cocToamHx h3 cjjyHKpHOHajiBHbix sjieMeHTOB NOT, CNOT h 2- 
CNOT. BBOflHTca (JjyHKpHH IIIeHHOHa D{n, q) rjiy 6 HHbi o 6 paTHMOH cxe- 
Mbi, peajiH 3 yioiii,eH KaKoe-jiH 6 o OTo 6 pa>KeHHe /: ZJ Z2, kbk 4 >yHKii,Ha 
OT n H KOjiaaecTBa flonojiHHTejiBHBix BxoflOB cxcmbi q. /I, 0 Ka 3 biBaeTca, 

MTO npH peajiH3au,HH OTo6pa>KeHHH /, 3aflaioiii,ero aeTHyio noflCTanoEKy 
Ha MHoacecTBe ZJ , o6paTHMOH cxeMoii, He Hcnojib3yioni,eH flonojiHHTejiB- 
Hbie Bxoflbi, BepHO cooTHomeHHe _D(n, 0) > 2"/(31og2n). YcTaHaBjiHEa- 
eTCH TaKxce, hto npn HcnojiB30BaHHH qo ~ 2"' flonojiHHTejiBHBix BxoflOB 
fljiH peajiHsapHH npoHSBOJiBHoro OTo6pajKeHHH /: ZJ —>■ ZJ b o6paTHMOH 
cxeMe BepHO cooTHomeHne D{n,qo) ^ 3n. 

KjiioHeBbie cjioBa: o6paTHMbie cxeMH, rjiyGuna cxeMbi, BHH;HCJieHHa c na- 

MSTblO. 

1. BBefleHHe. B ,ii,HCKpeTHOH MaieMaTHKe nepe^KO BOSHHKaeT aa^a.aaa ope- 
HHBaHHH acHMnTOTHaecKoii cjiojkhocth tofo hjih hhofo npeo6pa30BaHHH. Teo- 
pHH cxeMHOH cjiojKHOCTH GepcT CBoe naaajio c paGoTBi K. UlenHona [1]. B neii 
B KanecTBe MepBi cjio>khocth GyjieBoii (JjynKpHH npepjiaraeTca paccMaTpHBaTb 
CJIOJKHOCTB MHHHMajIBHOH KOHTaKTHOH CXCMBI, peajIH3yiOIIl,eH 3Ty (JjyHKpHK). 

O.B. JlynanoBBiM [2] ycTanoBaena acHMUTOTHKa cjiojkhocth L(n) ^ j n 
6yaeBOH (|)yHKii,HH ot n nepeMenHbix b npoH3B0JibH0M KoneaHOM hojihom 6a3H- 
ce sjieMeHTOB c npoH3BOjibHbiMH nojiojKHTejiBHBiMH BecaMH, rpe p o6o3HaaaeT 
MHHHMajiBHbiii npHBepeHHbiH Bee sjieMeHTOB 6a3Hca. 

Bonpoc o BbinncjieHHax c orpaHnnenHon naMaTbio Gbiji paccMOTpen 
H. A. KapnoBoii b paGoie [3], rpe poKaaano, hto b Gaance KjiaccnaecKHx 
cjDyHKpHonajiBHBix 3jieMeHTOB, peajiH3yioni,Hx Bce p-MecTHBie GyjieBBi (JjyHKpHH, 
acHMnTOTHnecKaa openKa 4)yHKpHH mennona cjiojkhocth cxcmbi c TpeMa n 60- 
jiee perncTpaMH naMain aaBHCHT ot aHaaenna p, no ne naMenacTca npn yaejin- 
aeHHH KOjinaecTBa HcnojitayeMBix perncTpoB naMaxn. Taieace Gbijio noKaaano, 
axo cyni;ecTByeT Gyjieaa (JiyHKpna, KOTopaa ne mojkct 6bixb peajiHaoBana b Ma- 
jiOMecTHBix Gaaneax c HcnojiBaoBaHneM Menee psyx pernexpoB naMaxn. 

* 3aKa6jiyKoe /jMumpuu BAaduMupoeuu — acn. KaeJj. HHcj^opMaHHOHHoii 6e3onacHO- 
CTH 4)-Ta HH4>opMaTHKH H CHCTCM ynpaBJieHHH MFXy HM. H. O. BayMana, e-mail: 
dmitriy.zakablukovOgmail.com. 
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O. B. JlynaHOBbiM b pa6oTe [4] paccMOTpenbi cxcmbi h 3 cjayHKpHOHajiBHbix 
ajiCMCHTOB c sa^epjKKaMH. Bbijio flOKasano, hto b peryjiHpnoM Gasnce 4)yHKn,HO- 
HajibHbix sjieMeHTOB jiioGaa GyjieBa (JjynKpHa MoaceT 6biTb peajiHSOBaHa cxeMoii, 
HMeiomeft 3a;i,ep}KKy T(n) ~ rn, r^e r — MHHHMyM npHBe^eHHbix 3aflep>KeK 
Bcex sjieMeHTOB 6a3Hca, npH ccxpanenHn acHMUTOTHaecKH onTHMajibHoii cjiojk- 
HOCTH. OflHaKO He paccMaTpHBajica Bonpoc aaBHCHMOCTH T{n) ot KoanaecTBa 
Hcnojib3yeMbix perncTpoB naMHTH. XoTa sa/iepacKa h rayGnHa cxeMbi b neKO- 
Topbix pa6oTax onpe^eaniOTCH no-pasHOMy [5], b HCcae^yeMofi flajiee MO^ean 
o6paTHMOH cxeMbi hx, no MHennio asTopa, mojkho OTOJK^ecTEHTb. 

B HacToaHi,eH paGoie paccMaTpHBaiOTca cxeMbi, cocToain,He h 3 oGpaTHMbix 
(JiyHKpHOHaabHbix saeMenTOB NOT (HHBepTop), 1-CNOT (KonTpoanpyeMbiii 
HHBepTop, CNOT) H 2-CNOT (flBaacflbi KonTpoanpyeMbiii HnsepTop, aaeMenT 
TocJicjDoaH). ByflyT HcnoabsOBaTbca cjjopMaabHbie onpe,ii,eaeHHa sthx aaeMCHTOB 
H cocToaipHx H3 HHx cxBM H3 pa6oTbi [6]. B [7, 8] ^OKasano, hto flaa aio6oH hbt- 
Hoii noflCTanoBKH h £ v4(Z2) cymecTByeT 3a/i,aioiii;aH ee o6paTHMaa cxeMa c n 
Exo^aMH, cocToamaa h 3 saeMenTOB NOT, CNOT h 2-CNOT. 

B pa6oTe [9] paccMaTpHBaancb oGpaTHMbie cxeMbi 6e3 flonoaHHTeabnbix bxo- 
flOB (^onoaHHTeabHoii naMaTn), cocToaipHe h 3 o6o6iii,eHHbix saeMenTOB Toijxjio- 
jm fc-CNOT; 6biaa ycTanoBaena HHacnaa openKa cjayHKpHH UlenHOHa caojKHO- 
CTH TaKHx cxeM Lin) > ■ B [7] Taxace paccMaTpHsaancb o6paTHMbie 

cxeMbi 6e3 ponoanHTeabHbix BxopoB, no yace b 6a3Hce NOT, CNOT h 2-CNOT; 
6biaH poKa3aHbi HHacnaa openKa (Jdyhkphh niennona caoacHOCTH tbkhx cxeM 
L(n) = O ^ H BepxHaa openKa L{n) ^ 0(n2"). B [10] 6biaa yaynmena 
BepxHaa openKa: L(n) < 5n2”. OpnaKO cxeMbi c ponoannTeabHbiMn BxopaMH b 
pannbix paOoTax ne paccMaTpiiBaancb. 

B pa6oTe [11] 6biao poKaaano, hto paa (JiynKpiiH mennona caoacnocTn o6- 
paTHMbix cxeM 6e3 ponoaHHTeabHbix BxopoB, cocToaipHx h 3 saeMenTOB NOT, 
CNOT H 2-CNOT, Bepno cooTnomeniie L{n) x Taxace 6biao noKa3a- 

no, HTO HcnoabBOBanne ponoanaTeabnon naMaTH b Tannx cxeMax nonTH Bcerpa 
nosBoaacT cnnsHTb caoacHOCTb cxeMbi. 

ABTopy ne ypaaocb nanTH KaKne-anOo onyOanKOBannbie peayabTaTbi o6 
opeHKe (JiyHKpHH IIIeHHOHa rayGniibi oOpaTHMbix cxeM, cocToaipHx h 3 aaeMen- 
TOB NOT, CNOT H 2-CNOT. Tbm ne Menee b paGoTC [12] 6biao SKcnepHMen- 
TaabHO noKasano, hto ncnoabsOBaime 0{n) ponoaHHTeabHbix BxopoB noBBoaaeT 
SHanHTeabHO CHH3HTb rayOnny TaKHx cxeM. 

B HacToaipen paOoTe paccMaTpnBaeTca MnoacecTBO F{n, q) Bcex OToGpaace- 
nnii Z 2 —^ Z 2 , KOTopnie Moryi 6biTb peaansoBaiibi oGpaTHMon cxeMoft, coctoh- 
ipeft H3 aaeMeHTOB NOT, CNOT n 2-CNOT (paaee npocTO oOparaMaa cxeMa), c 
(n + q) BxopaMH. OpennsaeTca rayOnna oOpaTHMOit cxeMbi, peaanByioipeH oto6- 
paacenne / £ F{n^ q) c ncnoabsOBaimeM q ponoaHHTeabHbix BxopoB. BnopHTca 
(JiyHKpHa niennona Din, q) rayOnnbi oOpaTHMOli cxeMbi Kan (JiyHKpHa ox n n 
KoanaecTBa ponoanHxeabHbix BxopoB cxeMbi q. noKaBbiBaexca, nxo, KaK n b 
caynae caoacHOCxH oOpaxHMon cxeMbi [11], rayGnna oOpaxnMOH cxeMbi cyipe- 
CTBenno sanncHT ox KoannecTBa ponoannxeabHbix BxopoB (perncxpoB naMaxn, 
CM. [3]). 

Ilpn noMOipn Moipnocxnoro Mexopa Pnoppana-nienHOHa poKaBbiBaexca 
Hnacnaa openKa rayGnnbi oGpaxnMon cxcmm Din, q) ^ (2"(n — 2) — nlog2(n -I- 
q)) /(3(n -|- q) log2(?T. + 9))- OnncbiBaexca aHaaornanbiii MBTopy O. B. Jlynano- 
Ba [4] nopxop k CHnxeBy oGpaTHMoii cxeMbi, paa Koxoporo rayOnna cnHxesn- 
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poBaHHOH cxeMbi D(n,qo) ^ 3n npH HcnojibaoBEHHH qq ^ 2" ;i,onojiHHTejibHbix 

BXOflOB. 

2. OcHOBHbie noHHTHH. Onpe;i,ejieHHe o6paTHMbix (|)yHKLi,HOHajibHbix ajie- 
MeHTOB 6bijio BnepBbie BBe;i,eHO T. TocJxJjojih [13]. OGpaTHMbie cjDyHKpHonajib- 
Hbie sjieMeHTbi NOT h fc-CNOT, a TaKJKe ckhtbs cxcm h3 sthx sjieMenTOB Gbijin 
paccMOTpeHbi, K npHMepy, b pa6oTe [14]. 

ByflCM nojibsOBaTbCH cjieflyioin,HM (|)0pMajibHbiM onpeflejienHeM (|)yHKLi,HO- 
HajibHbix ajieMeHTOB NOT h fc-CNOT [6[. Hepes o6o3HaHaeTca (fjyHKpHO- 
HajibHbiii 3jieMeHT NOT (nHsepTop) c n Bxo^aMH, aa^aromnii npeo6pa30BaHHe 

^2 —>■ 1^2 BHfla 

N^{{xi, . . .,Xn)) = {Xl, . . . ,Xj ®1, . . . ,Xn) ■ ( 1 ) 

Hepe3 Cj" = Cf.j, j ^ /, oGoanaHaeTca (jDyHKpHOHajibHbiii ajieMenT fc- 

CNOT c n Bxo^aMH (KOHTpojiHpyeMbiH HHBepTop, o6o6in,eHHbiii sjieMenT Tocja- 
c fc KOHTpojiHpyiomHMH ExoflEMH), 3aflaioinHH npeo6pa30BaHHe Z 2 —>■ Z 2 

BH^a 




.. .,Xn)) = {xi,... ,Xj ®Xij^ A ... AXi 




( 2 ) 


flajiee 6y.neM onycKaTb BepxHHii hh/ickc n, ecjiH ero SHaaenHe hcho h 3 KOHieK- 
CTa. OGoBHaaHM aepes MHoacecTBO Bcex (|)yHKLi,HOHajibHbix sjieMenTOB NOT, 
CNOT H 2-CNOT c n exo^emh. 

CxeME H3 4)yHKn,HOHajibHbix ajieMeHTOB KjiaccHHecKH onpe^ejiaeTca kek 
opHeHTHpoBEHHbiH rpa(|) 6e3 pHKjiOB c noMeneHHbiMH peGpaMH h BepniHHaMH. 
B o6paTHMbix cxeMEx, coctohiuhx h 3 sjieMenTOB MHoacecTBa 3anpein,eHO 
BeTBjieHHe h npoH3BOjibHoe no/i,KjiiOHeHHe bxo.ii,ob h BbixoflOB c|)yHK]j,HOHajibHbix 
3jieMeHTOB. B opHeHTHpoBEHHOM rpa4)e, onncbiBaiomeM Taxyio o6paTHMyio cxe- 
My ©, Bce BepniHHbi, cooTseTCTByiomHe cjjyHKpHonajibHbiM 3jieMeHTaM, HMeiOT 
poBHO n BaHyMepoBEHHbix Bxo.n,OB h bbixoaob. 3th BepniHHbi nyMepyiOTCH ot 1 
.11,0 I, npH 3TOM i-H Bbixofl m-vL BepniHHbi, m < I, coe^HHaeTca TOJibKO c i-M bxo- 
.ii,OM (m -|- 1)-H BepniHHbi. Bxoaemh o6paTHMOH cxeMbi hbjihiotch Bxo,ii,bi nepBofi 
BepniHHbi, a BbixoflEMH — Bbixoflbi l-vL BepniHHbi. CoeflHHenHe cJjynKpHonajibHbix 
3JieMeHTOB Apyr c flpyroM 6yfleM xaitace nasbiBETb KOMnoanpHefi 3JieMeHTOB. 

BceM i-M BxopaM h BbixopaM Bepninn rpaijDa npHnncBiBaeTca chmboji h 3 
neKOToporo MnoncecTBa R = { ri,..., r„ }. KajKpbiii chmboji moikho HHxep- 
npexHpoBaxb kek hmh perncxpa naMHXH (noMep anefiKH naMaxn), xpanaipe- 
ro xeKymHii pe3yjibxax pa6oxbi cxeMbi. Hs (|)opMya (1) h (2) cjiepyex, nxo b 
opHH MOMenx BpeMeHH (o^hh xekx pa6oxbi cxeMbi) Moacex 6bixb HHBepxHpoBa- 
HO BHanenne ne 6ojiee neM b opnoM perncxpe naMaxH. B 3 xom aaKjHonaexca 
cymecxBeHHoe oxjiHHne o6paxHMbix cxbm ox cxbm h 3 KjiaccnnecKHx (JiynKpHO- 
naabHbix oaeMeHxoB, paccMOxpennbix O. B. JlynanoBbiM b cbohx pa6oTax. 

CpepH ocHOBHbix xapaKxepHCXHK oGpaxHMOH cxcmbi mohcho BbipejiHXb cjioac- 
Hocxb H xjiyGHHy cxeMbi. ITycxb o6paxHMaH cxcme & c n bxopemh npepcxaBjiaex 

C060H KOMnosHpHio I 3JieMeHX0B H3 MHOHcecxBa G = * rpe tj 

1=1 

H Ij — KOHXpOJIHpyeMblH Bbixop H MHOJKeCXBO KOHXpOJIHpyKHpHX BXOpOB 3jie- 
Menxa Ej cooxBexcxBeHHO. CjioacHOCXb L{&) oGpaxHMOii cxeMbi 6 — KOJinne- 
cxBO 3JieMeHX0B b cxeMe 1. KjiaccHnecKH rjiyGana cxeMbi h 3 iJiyHKpHOHaabHbix 
3JieMeHX0B onpepejiaexca kek pjihhe MEKCHMajibHoro nyxH he rpacjje, onncbi- 
BEiomeM pannyio cxeMy, Meacpy KaKHMH-jiH6o BxopnbiMH h BbixopnbiMH Bep- 
HinnaMH. B paccMaxpHBaeMoii Mopean o6paxHMOH cxeMbi rpa(|), onHCbiBaKnpHH 
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Xi —( 

K 

)-' 

/0» 

•- yi 

X2 

[) 


)- J/2 

X4 - 

-0-< 

— (8) — J/3 
'- 1/4 


Phc. 1: 06paTHMaH cxeMa & = Ci-2 * C's;! *N2*N4* Ci, 4;2 * N3 co cjiojkhoctbio 
L{&) = 6 H rjiy6HHOH D{&) = 3 


TaKyro cxcMy, npe^CTaBjiaeT co6oh npocTO o^ny penonxy nocjie^OBaTejibHO co- 
e/i,HHeHHBix BepniHH. IIoaTOMy, ecjiH HcnojibsOBaTb KjiaccHHecKoe onpe/i,ejieHHe 
rjiy6HHbi cxeMbi, nojiyHHTca, hto b naineM cjiynae rjiyGHna o6paTHMOH cxcmbi 
paBHa ee cjiojkhocth. 

Toro HTo6bi He MensTb MO^ejib o6paTHMOH cxcmbi, BBe^eM cjie^yiomee 
onpe;i,ejieHHe rjiyGnHbi oGpaTHMOft cxeMbi. By;i,eM CHHTaTb, hto o6paTHMaa cxe¬ 
Ma © = * HMeeT rjiyGHHy D{6) = 1, ecjm flaa aio6bix flByx ee 

j=i 

cjjyHKpHonajibHbix sjieMeHTOB h E2{t2,l2) BbinoanaeTca paBencTBO 

({ii}U/i)n({t2}U/2) = 0. 

TaKJKe CHHTaTb, hto o6paTHMaa cxeMa © HMeex rjiyGHHy D{&) ^ d, 

ecjiH ee mohcho paaGnTb na d nenepeceKaiomHxca noflCxeM, Kaac^aa h 3 Koxopbix 
HMeex rjiyGHHy 1: 

d 

© = □©',, D{e',) = 1 . (3) 

Tor^a MOJKHO BBecTH cae/i,yion];ee onpeflCJieHHe: rjiyGnHa D{6) o6paTHMOH cxe¬ 
Mbi © — MHHHMaabHO BOSMOHCHoe KOHHHecTBO d HenepeceKaiomHxca no^cxeM 
rjiy6HHbi 1 B pa36HeHHH cxeMbi © no (|)opMyjie (3). Hcnojib3yH sxo onpefleaenne, 
MOJKHO BbiBecTH Hpocxoe cooTHomeHHe, CBa3biBaK)iii;ee caoacHOCxb h rayGHHy 
o6paTHMOH cxeMbi ©, HMeiomeft n bxo^ob: 

^ ^ D{&) ^ Lie) . (4) 

n 

Ha pHC. 1 noKa3aH npHMep oGpaxHMOii cxeMbi co caoacHOCXbio 6 h rayGHHOii 
3. Ha ^aHHOM h na Bcex nocae^yiomHx pncynnax saeMeHXbi fc-CNOT o6o3HaHa- 
loxca caeflyioni,HM o6pa30M: KOHxpoaHpyiomHe Bxo^bi o6o3HaHaioxca chmbohom 
• , KOHxpoaHpyeMbiii Bbixofl — chmbohom ©. HHBepxHpyeMbift Bbixo^i, aaeMeHxa 
NOT o6o3HaHaeTca chmbohom (gi. Bxoflbi cxeMbi/aaeMeHxoB, ecan ne oroBopeno 
HHane, naxoflaTca caesa, Bbixoflbi — cnpana. Bxo/i,bi h Bbixo/i,bi nponyMcpoBa- 
Hbi CBepxy BHH3 HaHHHaa c 1. OaeMeHXbi b cxeMe coe^HHaiOTCH 6e3 BexBaeHHii 
Bxo^OB H BbixoflOB, i-H Bbixofl j-ro aaeMBHTa coeflHHaexca c i-M bxo^om (j -|- 1)- 
ro saeMeHxa. Ha Bxoflbi oGpaxHMoii cxeMbi no^aiOTCH BHanenHa 0 h 1, 3axeM 
nocaeflOBaxeabHO, caeaa nanpaBO, KajKflbiii h 3 aaeMenxoB HHBepxnpyex jm6o 
He HHBepxHpyex BHaneHne na o^hom (h xoabKO o^hom) h3 cbohx BbixoflOB b 
B aBHCHMOCTH OX SHaHeHHH Ha CBOHX Bxo^ax (cm. cjaopMyabi (1) h (2)). 

3. FayGHHa o6paTHMOH cxeMbi. BBe;i,eM caeflyioipHe oxoGpajKenHa: 

1) pacmupHwuufie oxoGpaaceHHe (j>n,n+k- ^2 BH^a 

4^71,n + k ( (^1 ; ■ - ■ ; ^n) ) — (^1 ; • ■ • ; : 0; * ■ • ; 0) : 
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2) pedyi^upyminee OToGpajKeHHe it’n+k n : BHfla 

'^n+fc,n((^lj ■ ’ ■ 1 ^n+fc)) (^77(1)7 ■ • ■ 7 ^ 7 r(n)) 7 

r^e TT — HeKOTopaa noflCTanoBKa na MHoacecTBe "Ln+k- 

HsBecTHO, HTO o6paTHMaH cxeMa c n ^ 4 Bxo^aMH sa^aeT neKOTopyio hbt- 
Hyio noflCTanoBKy na MHoacecTBC Z 2 [7, 8]. B TOJKe BpcMH ^aHnaa cxeMa mo- 
JKCT peaaH30BbiBaTb ne 6oaee (KoaHaecTBO pasMemenHit h 3 n no m 6e3 
noBTopennii) pa3aHaHBix GyaeBBix OToGpaaceHHii Z 2 —>■ Z™, r^e m ^ n, c nc- 
noaB30BaHHeM nan 6e3 HcnoaB30BaHHa ;i,onoaHHTeaBHbix bxo^ob. BBe;i,eM 4)op- 
MaabHoe onpe^eaenne oGpaTHMon cxeMbi, peaaH3yK)ni;eH neKOTopoe OToGpaace- 
nne /: Z 2 —^ Z™ c ncnoabsOBaHneM ;i,onoaHHTeabHbix exo^ob. 

OnpefleaeHHe 1. OGpaTHMaa cxeMa &g c (n + g) Bxo^aMn, 3aAaK)m,aa 
npeo6pa30BaHHe y. Z^^'^ —>■ peajiusyem OToGpaaceHne /: Z 2 —^ Z™ c 

Hcnoab30BaHHeM g ^ 0 flonoannTeabHbix BxoflOB (flonoannTeabHon naMaTn), 
ecan cyn],ecTByeT Taxaa no^CTanoBKa tt € S{7jn+q)^ 

C+g,m(5(</>n,«+g(x))) = /(x), Tfle X G Z^,/(x) G Z^ . 

Bbipaacenna «peaaH3yeT OTo6pa}KeHHe» h «3aflaeT OTo6pa}KeHHe» HMeiOT 
pa3aHaHoe 3HaneHHe: ecan oGpaTHMaa cxeMa &g 3a;i,aeT OToGpaaceHne /, to 
g(x) = /(x). ByflCM roBopnTb, hto cxeMa ©g peaaH3yeT oxoGpajKenne / 6e3 
ucnoA’bsoeaHUR donojiHumejitHOu naMsimu, ecan ona HMeex poBHO n bxo^ob. 
OneBHflHO, Hxo npn m > n ne cyn],ecxByex oGpaxnMon cxeMbi, peaaH3yion];eH 
oxoGpajKenne / 6e3 Hcnoab30BaHHa ^onoaHnxeabHon naMaxn. 

06o3HaaHM aepe3 P 2 {n,n) MHoacecTBO Bcex Gyaesbix oxoGpajKeHnn Z 2 —>■ 
Z2. 06o3HanHM aepe3 F(n,q) C P 2 {n,n) MHOxecTBO Bcex oxoGpajKeHnii Z2 —>■ 
Z 2 , Koxopbie Moryx 6bixb peaaH30BaHbi oGpaxnMon cxeMoli c (n + g) Bxo^aMH. 
MnoacecTBO no;i,cxaHOBOK h3 S (Z 2 ), 3aflaBaeMbix bcemh saeMeHxaMn MHoacecxEa 
renepupyex snaKonepeMeHnyio ^(Z^) n CHMMexpHaecKyio S'(Z 2 ) rpynnbi 
noflCxanoBOK npn n > 3 n n ^ 3 cooxBexcxBenno [7, 8]. Oxao^a cae^ex, nxo 
F{n,0) coBna^aex c mhojkoctbom npeo6pa30BaHHH, 3aflaBaeMbix BceMH no^cxa- 
HOBKaMH H3 ^(Z^) H S npH 71 > 3 H 71 ^ 3 cooxBexcxBeHHO. C flpyroii cxo- 
poHbi, necaojKHO noKa3axb, axo npn q ^ n Bepno paBencxBO F{n, q) = P 2 {n, n). 

06o3HaaHM aepe3 L{f, q) n D(f, q) MHHHMaabHyio caoacHOCxb n rayGnny o6- 
paxHMOH cxeMbi, cocxoameit h 3 (jDyHKpnonaabHbix saeMenxoB MHOJKecxBa ^n+q 
H peaaH3yioiii,eH neKOxopoe oxoGpajKenne / G F(n,q) c Hcnoab30BaHHeM g , 11 , 0 - 
noannxeabHbix BxoflOB. Onpe,ii,eaHM (JiynKpHn UlenHona L(n, q) ii I?(n, g) flaa 
caojKHOCxH H rayGnnbi oGpaxHMon cxeMbi: 


L(n, g) = L{f, q) , D{n, q) = D{f, q) . 

f&F{n,q) f&F(n,q) 


CcjaopMyanpyeM ocnoBHbie pe3yabxaxbi paGoxbi. /IoKa3axeabcxBO npHae^en- 
Hbix nnace xeopeM 6y;i,ex flano b caeflyioipiix nynKxax. By^eM iicnoabsOBaxb cae- 
flyiomne o6o3HaneHHa ^aa acHMnxoxnnecKoro nepaBencxEa, SKBHBaaeHxnocxH 
H 3KBHBaaeHXH0cxH c xoHHOCXbio ,11,0 nopaflKa flsyx iJiynKpHn ot n: f{n) > gin), 
fin) ^gin) n /(n) xg(n). 

TeopeMa 1. Teopema 1 (huokhhsi oyema CAOOKHOcmu oOpamuMou cxeMu). 
JfAH ak)6ozo n > 0 eepno nepaecHcmeo 


Lin,q) > 


2"(n — 2) — nlog2(7i + g) 
31og2(n + g) 
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TeopeMa 2. CAedcmeue 1 . /(asi awGozo n > 0 eepno HepaecHcmeo 


D{n,q) > 


2”(n — 2) — nlog 2 (n + q) 
3{n + q) log 2 (n + g) 


^OKaaaTejibCTBO cjie;i,yeT hs TeopeMbi 1 h cooTHOineHna (4). 


TeopeMa 3. CAedcmeue 2 . /Jaa o6pamuM0u cxcmu © 6e3 donoAHumeAbHux 
exodoe eepna CAedymmaA huokhaa oyeuKa ZAydunu: 


D{n,0) > 


2 " 

3 log 2 n 


TeopeMa 4. TeopeMa 2 (eepxuAA oyema zAyduuu odpamuMou cxcmu). Bepnu 
CAcdymiyue oyeuKu: 

D{n,qi) < 3n npu qi ~ 2", L{&) ^ , 

D{n,q2) < 2 n npu q2 ^ ^(n)2”, L{&) ^ (/)(n)2”+^ , 


zde fpir) < n — CKOAt) yzoduo MedAcnuo pacmyiyaA (fiyuKyuA om n. 

TeopeMa 5. ymeepMcdenue. McnoAbeoeauue donoAHumeAUHou naMAmu e o6- 
pamuMux cxeMax, cocmoAiyux ue (fiyuKyuonaAbHux OACMeumoe MHOxKecmea 
noumu ecezda noeeoAAcm cyiyecmeeuno cHueumu zAyduny odpamuMou cxe- 
Mu, e omAUHue om cxcm, cocmoAiyux ue KAaccuuecKux neodpamuMux (pyuK- 
yuonaAbHux eACMeumoe [4] . 

^OKasaTejibCTBO cjie^yeT h3 TeopeM 1 h 4. 

Mbi He opeHHBaeM rjiyGnHy o6paTHMbix cxeM, peajiH3yiOHi,Hx OTo6pa}KeHHH 
Z 2 —^ Z™ npH m ^ n. TeM ne Menee ^jih tbkhx cxeM MoryT 6biTb nojiyHenbi 
anajiorHHHbie openKH rjiyGnabi nyieM KoppeKTHOii no^CTanoBKH napaMeTpa m 
B flOKa3aTejibCTBO TeopeM 1,2. 

IIojiyHeHHbie Bepxnne h HHJKHne opeHKH rjiyGnHbi o6paTHMOfl: cxeMbi flocxa- 
TOHHO HeXOHHbi: OHH (JjaKTHHeCKH HeCOHOCXaBHMbl. TaK, HHJKHHH OD,eHKa rjiy- 
6 HHbi npH KOjiHHecxBe flonojiHHxejibHbix bxo.ii,ob <72 (/)(n)2” h 3 xeopeMbi 4 

BbipoHc/i,aeTCH B xpHBHajibHyio Din, 92 ) ^ 0, b xo BpeMs khk BepxHHH opeHKa 
npH 7],aHHOM 3HaHeHHH KOJiHHecxBa 7],onojiHHxejibHbix BxoflOB jiHHeiiHa. 

K cojKajieHHK), Bonpoc nojiyneaHH SKBHBajienxHbix c tohhocxbio .ho nopsHKa 
BepxHHx H HH>KHHx opeHOK pjiH D(n, q) HO CHx nop ocxaexcH oxKpbixbiM. Abxop 
HaneexcH, nxo pe3yjibxaxbi HaHHOii paGoxbi CTanyx nepBbiM maroM b h^'Hhom 
HanpaBjieHHH. 

4. Hhjkhhh opeHKa cjioxchocth o6paTHMbix cxeM. ITepeftHeM k noxa- 
3 axejibcxBy nepBofi xeopeMbi. 

.HoKasaTejibCTBO xeopeMbi 1. /JoKajKeM npn noMOipH MOipHOCxHoro Me- 
Tona PHopHaHa-UIeHHona, nxo ynsi jiio6oro n > 0 Bepno nepaBencTBO 

2 "(n — 2) — nlog 2 (n + q) 

31og2(n + g) 

riycxb r = 06o3HaHHM nepeB G*{n,s) = r® h C(n, s) KOjiHnecxBO Bcex 

o6paTHMbix cxeM, Koxopbie coctohx h 3 (JjyHKpHOHajibHbix ajieMenxoB MHOxcecxBa 
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H cjiojKHOCTb KOTopbix paBHa s H He npeBbimaeT s cooTBeTCTBenno. Tor^a 


= \^l\ = 


fe =0 


n'^ — + 2n 


'n?{n — 1 ) , . n' 


+ 1 < r < — npH n ^ 2 , 


Q{n,s) = Y^Q*(n,i) = 


2=0 


r-^+1 _ \ 

r — 1 




s+l 


C(n, s) ^ 


1 + 


n — 1 


n^in — 1 ) 

npn n ^ 2 . 


KaK 6 bijio CKaaaHO panee, KajKfloli oGpaTHMoii cxeMe c (n + g) BxoflaMH 
cooTBeTCTByeT He 6 ojiee paajiHHHbix 6 yjieBBix OTo 6 pa}KeHHH Z 2 —>■ Z 2 . 

IlycTb s = L{n,q)^ Tor^a Bepno cjie^yioniee HepaBencTBo: 


e(n + g,s) ^ \F{n,q)\ . 

nocKOjiBKy \F{n,q)\ > \A{Z^)\ = (2")!/2 h ^ (n + g)", to 

HecjioJKHO yGe^HTBCH, hto npn n > 0 Bepno HepaBencTBO (2")! > (2^/e)^ . 
Cjie^OBaTejibHO, 

s(31og2(n + g)-l) + log 2 (iH -- -) +nlog 2 (n + g) ^ 2"(n-log2e) , 

V n + q-lj 

^ ^ 2 "(n-2) -nlog 2 (n + g) 

31og2(n + g) 

Ha OToro nepaBCHCTBa cjieflyeT yxBepjKfleHHe TeopeMbi, nocKOjibKy b naninx 
o6o3HaHeHHHx s = L(n, g). □ 

B paGoxe [11] 6bijia c;i,ejiaHa nonbixKa noflHaxb hhjkhiok) openny cjio>kho- 
cxH o6paxHMbix cxeM sa cnex CBOiicxBa SKBHBajieHXHOCXH neKOxopbix cxeM c 
xoHKH apcHHH sapaBacMbix hmh npeo6pa30BaHHH. ^jih sxoli pejiH 6bijia bmpbh- 
Hyxa cjiepyioni;aH rnnoxeaa o cxpyKxype o6paxHMbix cxeM h 3 cjayHKpHonajibHbix 
ajiCMCHTOB MHOJKecxBa 

rnnoTesa. Uoumu Kaofcdaji o6pamuMaji cxeMa, cocmoMiqaM U3 ^yHKV,uo- 
HajihHux aMMeumoe NOT, CNOT u 2-CNOT u uMemvqasi n —>■ 00 exodoe, mo - 
OHzem 6wmb npedcmaeAeua e eude KOMnoawquu nodcxeM CAOotcHocmu k = o{n) 
{npoMe nocAedneu, y Komopou CAOotCHOcmh L < k), maKux, nmo e KacHcdou 
nodcxeMe ece SAeMeumu jieAJiwmcsi nonapno KOMMyrnupyrniquMU. KoAuuecmeo 
odpamuMux cxeM, dAH Komopux omo neeepHo, npenedpeotcuMo moao . 

K cojKajieHHK), b poKaaaxejibcxBe sxoli rnnoxeabi b pa6oxe [11] 6bijia po- 
nyn],eHa oniH6Ka: necjiojKHO noKaaaxb, nxo KOJiHnecxBO Bcex o6paxHMbix cxeM 
CJIOJKHOCXH Bbiine n, ne cooxBexcxByion^Hx yxBepjKpenHio rnnoxeabi, ne aBjiaex- 
ca npeneGpejKHMO MaabiM no oxHoniennio k o6ni,eMy KoannecxBy cxeM pannon 
caojKHOCxH. 

5. BepxHHH opeHKa ray6HHM o6paTHMbix cxeM 6e3 ponojiHHTejib- 
HMX BxopoB. B pa6oxe [11] npepaoacen aaropnxM CHnxeaa oGpaxnMoii cxcmbi 
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Phc. 2: BbipajKeHHe (JjyHKpHonajibHbix sjieMeHTOB 6a3Hca A } 3:epe3 kom- 

no3Hn,Hio ajieMeHTOB NOT, CNOT n 2-CNOT 


G 6e3 flonojiHHTejibHbix bxo^ob, aaflaromeii noflCTanoEKy h £ ); ,noKa3aHO, 

HTO CJIOJKHOCTb CHHTe3HpOBaHHOH CXCMbl y;i,OBJieTBOpHeT COOTHOineHHK) 

L(G) < 52n2’"/log2n . (5) 

03:eBHflHO, HTO D{&) ^ T(G), nosTOMy D{n,0) < 52n2”/log 2 n. O^naKO koh- 
CTaHTy 52 b ^aHHOii openKe mojkho yMenbniHTb. 

AjiropHTM CHHTeaa h 3 pa6oTbi [11] aapacT npoH3BepeHHe L ^ log 2 n nesa- 
BHCHMblX TpaHCn03HpHH OflHHM SJieMeHTOM fc-CNOT H MHOJKeCTBOM SJieMeHTOB 
NOT H CNOT c noMOipbio peiicTBHa conpaxenHeM. J^Jisi SToro CTpoHTca MaT- 
pnpa H3 BCKTopoB, cooTBeTCTByioin,Hx sthm TpaHcnoanpHaM. B Maipape oGny- 
jiaK)Tca HeKOTopbie CTOJiGpbi nyieM cjioaceHHa no Mopyjiio 2 c coBnapaion],HMH 
c HHMH CTOJiGpaMH (ho Gojibo 2n ajieMenTOB CNOT), a b Konpe paGoTbi aji- 
ropHTMa nonTH Bce CTOJiGpbi MaTpnpbi pejiaiOTca epHnnanbiMH (ne Gojiee 2n 
ajiCMCHTOB NOT)^. OneBHpno, hto oGnyjiaTb ctojiGpbi MaTpnpbi mo>kho c jiora- 
pncJjMHnecKOH rjiyGnHon (rjiyGnna ne Gojiee 2 log 2 n), a sjieMenTbi NOT mojkho 
npHMenaTb c KOHCTanTHon rjiyGHHoii (rjiyGnHa ne npeBbimaeT 2). 

Ecjih aKKypaTHO saMenHTb b poKaaaTejibCTBe openKH (5) h 3 paGoTbi [11] bb- 
jinanny 4n, cooTBeTCTByiomyK) cjiojkhocth onncanHbix Bbime niaroB ajiropHTMa 
CHHTeaa oGpaTHMoii cxeMbi, na Bejinanny 2(log2 n + 1), to mojkho nojiynnTb cjie- 
pyiomyK) BepxHioio openKy pjia D(n,0): 

D{n, 0) < 36n2"/ log 2 n . 

OpnaKO ocTaexca otkpbitbim Bonpoc nojiynenna SKBHBajienxHbix c xonno- 
cxbK) po nopapKa nnsKHen h Bepxneli openoK pjia (JjyHKpnn D{n, 0). 

6. BepxHHa opeHKa rjiyGHHbi oGpaxHMbix cxeM c ponojiHHxejibHbi- 
MH BxopaMH. O. B. JlynanoBbiM [4[ 6biji npepjioacen acHMnxoxnnecKH nanjiyn- 
niHH Mexop CHHxeaa cxbm h 3 (jDyHKpnonajibHbix sjieMenxoB c aapepacKaMH, pea- 
jiHByioniHx GyjieBbi (JjyHKpnn, b peryjiapnoM Gaance. Bbijio poKaaano, nxo pjia 
GyjieBoii (JjynKpHH ox n nepeMennbix n b cjiynae paBHbix epHnnanbix aapepacex 
Bcex sjieMBHxoB Gaanca aapepacKa cxeMbi SKBHBajienxHa n. IIpHMeHHM anajio- 
rHHHbiH nopxop pjia nojiynenna Bepxneii openKH rjiyGanbi oGpaxHMbix cxbm, 
cocxoan],Hx h 3 cjayHKpnonajibHbix sjieMeHxoB MHoacecxBa n peajiH3yioni,Hx 

3apaHHoe oxoGpajKenne / £ F(n, q). 

Ba3HC A } aBjiaexca (IsynKpHonajibno nojinbiM, nosxoMy c ero noMO- 

ni,bio MoacHO peajinaoBaxb jiioGoe oxoGpajKenne / £ F(n,q). BbipaanM Kaac- 
pbiii ajieMenx sxoro Gaanca nepea KOMnoanpnio cjDyHKpHonajibHbix ajieMenxoB 
NOT, CNOT H 2-CNOT (pnc. 2). Bapno, nxo Kaacpbiii ajieMenx peajinayexca 
CO cjiojKHOCxb H rjiyGHHOii ne Bbinie 2, npn 3 xom xpeGyexca MaKCHMyM opnH 
ponojiHHxejibHbiH Bxop. 

^Ko3cl)4)HII,HeHT 2 B03HHKaeT 3a CMeT peHCTBHa COnpHJKeHHeM. 
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Phc. 3: KonHpoBaHHe anaHeHna: c oflHoro Bxofla na flonojiHHTejiBHBie bxo^bi c 
jiorapncjaMHHecKoii rjiyGHHOli (BxoflBi cxeMbi CBepxy, bbixoabi — CHHsy) 


Otmcthm TaKJKe, hto ecjiH SHanenHe c o^noro Bxo/i,a b ^ajiBHeiimeM ^ojijkho 
ynacTBOBaTB b k onepapnax, to pjiH yMeHbineHHH rjiyGnHBi cxcmbi nponsBopHT- 
ca KonnpoBaHHe OToro SHaneKHa na ponoaHHTeaBHbie Bxopbi, a saTCM 3th po- 
noaHHxeaBHBie BxopBi ncnoaBsyiOTca b k onepapnax nesaBHCHMO ppyr ot ppyra. 
B HTore MOJKHO noayaHTB nopcxeMy c rayGaHOH ne fc, a ([log 2 A:] + 1) (puc. 3). 

/^OKajKeM caepyioipyio aeMMy o rjiyGane oGpaTHMOft cxcmbi, peaaasyioipeH 
Bce kohtjIOhkphh n nepcMeHHbix BHpa A ... A Qi S Z 2 . 

TeopeMa 6. JleMMa. Bce KOHsmuKy^uu n nepeMennux euda A ... A x“”, 
o-i G ^ 2 , MODKHO peajiu3oeamt> o6pamuMou cxcmou ©„, cocmostineu U3 (pyuK- 
yuoHaAbHux sjieMeHmoe MHooKecmea uMewiyeu ZAy6uHy D(©„) ^ n u uc- 
nojibsymipeu g(©„) ^3-2" donoAHumeAmux exodoe. Upu 3moM CAODKHOcmy 
maKou cxeMu L{&n) ^ 3 • 2". 

/],OKa3aTejibCTBO. Bnanaae peaaasyeM Bce HHBepcHH Xj, 1 ^ i ^ n. Cpe- 
aaxb 3X0 MOJKHO c rayGHHOli Di = 2 npa HcnoabsOBanHH Li = 2n oaeMeaxoB 
NOT H CNOT H gi = n ponoanHTeabHbix BxopoB. 

HcKOMyro oGpaxHMyio cxeMy ©„ 6ypeM cxpoHXb caepyioipHM o6pa30M: npa 
noMOipH cxcM ©p„/2] H ©[„/2j peajiHsyeM Bce kohbiohkphh [n/2] nepBbix h 
[n/2j nocjiepHHx nepeMOHHbix. SaxeM peaaasyeM kohxjIOhkphh BbixopoB 3xhx 
pByx cxeM KajKporo c KaacpbiM. JI 1060 H Bbixop 6ypeT yaacxBOBaxb ne 6oaee aoM 
B 2 • 2”/^ KOHBiOHKpHax, no3TOMy noayaeHne hckommx kohxjIOhkphh mojkho 
peajiHSOBaxb c rjiy6HH0H ne 6oaee aoM (2 + n/2), cjiojkhocxbio ne 6oaee aoM 
3 • 2" H c HcnoabsOBaHHeM ne 6ojiee aoM 3 • 2” ponoaHHxeabHbix BxopoB. 

TaKHM o 6 pa 30 M, noayaaoM cjiepyipae cooxHomenHa: 

Ti 

D{&n) '^ 2 + D{<Sn/2) ~ n , 

L(©„) - 3-2" + 2L(©„/2) - 3-2" , 

( 7 (©„) - 3 • 2” + 2g(©„/2) - 3 • 2" . 


□ 

Tenepb nepeiipeM nenocpepcxBeHHO k poKa3axeabcxBy xeopeMbi 4. Ochobhoo 
oxaHaae Mexopa CHHxe3a, onacbiBaeMoro b 3xom poKa3aTejibCTBe, ox cxanpapT- 
Horo MOTopa O. B. JlynanoBa 3aKaioaaeTca b cjiepyioipeM: b oGpaxHMbix cxeMax 
3anpeipeH0 BexBjieHae BxopoB h BbixopoB, nooxoMy pjia nojiyaenaa xpe6yeMbix 
openoK pjia (JjynKpHH D(n, q) aKXHBHO Hcnojib3yiOTca nopcxeMbi no KonnpoBa- 
HHK) 3HaaeHHH c npoMeacyxoanbix BbixopoB na ponojiHHxeabHbie Bxopbi c jio- 
rapncJjMHaecKoii rjiyGnHoii (cm. pnc. 3). Taxace nopcaHXbiBaexca KOJinaecxBO 
Hcnojib3yeMbix ponoanHxeabHbix BxopoB n noayaacMaa npn 3 tom caoacHOCxb 
CXCMbl. 
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^OKasaTejibCTBO TeopeMbi 4. ^OKajKeM, hto ^jih npoHSBOJibHoro oto6- 
pajKeHHH / G F(n, q) Bepati cjieflyiomHe cooTHOineHHH: 

D{f,qi) < 3n npn qi ~ 2", L{<5) ~ 2”+^ , (6) 

D{f,q2) < 2n npH 92 ^ , L{G) ^(n)2”+^ , (7) 

r^e 4>(n) < n — ckojib yro^HO MefljieHHO pacTymaa 4)yHKn,HH ot n. 

ByjieBO OTo6pa>KeHHe /: Z 2 —>■ Z 2 mojkho npe^CTaBHTb cjie^yiomHM o6pa- 

30m: 

/W = 0 A/((a;i,...,a;fc,afc+i,...,a„)) . (8) 

ak+1 ,...,an €^2 

KajK^oe H3 2"“^' OTo6pa}KeHHH ... ,Xk)) = 

f{{xi,.. .,Xk,ak+i,. ■. ,a„)), r^e 


n—k 

^ Qk+J ■ 2^-^ = i , 

J =1 

HBjiaeTCH OToGpaaceHHCM Z 2 —> Z 2 . Ero mojkho npeflCTaBHTb b bh^b cacTeMbi 
n KOopflHHaTHbix GyaeBbix (|)yHKLi,HH x S Z 2 , 1 ^ ^ n. 

Bocnoab3yeMca cae^yiomaM anaaoroM coBepineHHOii flHBbiOHKTHBHOii nop- 
MaabHOH (JjopMbi flaa GyaeBoli (JjyHKpHn: 

/bjW= 0 x'l^ A...Axl'‘ . (9) 

creZj 

Pa36HB Bce 2^ KOHbiOHKpHH BHfla Xi^ A. . na 4)HKCHpoBaHHbie rpynnbi, 

B KajKflOH H3 KOTopbix HB 6oaB6 s KOHbiOHKpHH, noayHHM p = [2^'/s] rpynn. 
Hcnoab3ya KOHbiOHKpHH OflHOli rpynnbi, no (|)0pMya6 (9) mojkho noaynHXb nB 
GoaBB 2® GyaBBbix cjaynKiinii. OGoBnaanM mhojkbctbo Gyassbix (JiynKpHii, peaan- 
3yBMbix npn noMomn KonbionKpHii i-n no cnBTy rpynnbi, a6pB3 Gi, 1 ^ i ^ p, 
Tor,zi,a \Gi\ ^ 2®. TBnspb mm mojkbm nBpenncaTb paBBHCTBO (9) b ca6flyioiii,6M 

BHflB: 

/*j (x) = 0 5jt(x) . (10) 

Bjt 

SaMenaHue. Bcb GyaBBbi (JiynKpHn MHoacBCTsa Gi mojkho pBaanBOsaTb no 
TOMy >KB npimpHny, hto h bcb KOHbionKn,HH b aBMMB (paBGnBnnB MHOJKBCxBa 
Bxo,ii,OB nonoaaM): rayGnna noayaBnnon noflCXBMbi D s, caoacnocxb L ^ 3-2®, 
KoaHHBCXBO ^nonoanHXBabHbix bxo;i,ob q ~ 2®“*"^. 

TaKHM oGpa30M, ncKOMaa oGpaxHMaa cxBMa ©, peaan3yioni,aa oxoGpaacBHHB 
/, cocxoHx H3 caBflyioinHx oGpaxHMbix no^cxBM (pnc. 4). 

1) IIo^ncxBMa © 1 , peaaH3yioni,aa bcb KonbionKpiin nspBbix k nBpBMsnnbix Xi , 
coraacno aBMMB, c rayGnnon Di ^ k, caojKHOCxbio Li ^ 3 • 2^' n gi ~ 3 • 2^ 
flonoaHHxeabnbiMH Bxo,zi,aMii. 

2) no,zi,cxBMa © 2 , peaaH3yioni,aa bcb Gyaesbi (jDyHKpnn g G Gi fljisi bcbx 
i € Zp no (JiopMyaB (9) c rayGnnon D 2 s, caojKHOCxbio L 2 3p2® n (72 ^ 
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Xi Xf^ ^/c+1 ^ri 


xl^ A.. .Axl^ 


9 ^ Gi 

fi,j (^1) • ■ • j ^/c) 



A ... A 


/(x) 


Phc. 4 : CipyKTypa oGpaTHMOii cxeMbi ©, peajiHsyiomeH OToGpajKenHe ( 8 ) (bxo- 
flbi cxeMbi CBepxy, Bbixoflbi — CHHsy) 


flonojiHHTejiBHbiMH BxoflaMH (cm. saMCHaHHe, KacaiomeecH peajiHsapHH 
Bcex 6yjieBbix 4)yHKn,HH MHOJKCCTBa Gi). 

3) rioflcxcMa © 3 , peajiHsylomaH Bce n2"“^" KOop/i,HHaTHbix (JjyHKpHfi 

i S Z27i-fc, j € no cjaopMyjie ( 10 ). OcoGchhoctbio flannoH no;i,cxeMbi hb- 
jiHCTCH TO, HTO HCKOTopan OyjiCBa (JjyHKpnn g G Gt mojkct HcnojibsOBaTbcn 
6 ojibme o,ii,Horo paaa. MaKCHMajibnoe KOJinnecTBO HcnojibsOBanna cjDyHKpnn g 
He npeBOCxoflHT n 2 ”“^. Cjie^noBaxejibHO, cnepsa hbm Heo6xo,zi,HMO CKonHpoBaxb 
SHaneHHH c bbixo^ob no;i,cxeMbi ©2 flJia Bcex xaxHx GyjieBbix 4 )yHKn,HH. 3 x 0 
MOJKHO c;i,ejiaTb c rjiyOnHOH (n — fc + log2 n), Hcnojibsya ne 6ojiee pn 2 "“^ cjjynK- 
pHonajibHbix ojieMeHTOB n pn 2 ”“^ flonojiHHxejibHbix bxo^ob (cm. puc. 3 ). SaxeM 
npoHSBOflHxcH cjioJKeHHe no mo^jikd 2 nojiynenHbix bbixo^ob c rjiyOnnoH log2 p, 
cjioncHOCxbK) (p—l)n 2 "“^ n 6e3 p^onojiHHxejibHbix BxoflOB. TaxHM oOpasoM, nofl- 
cxcMa ©3 HMcex rjiyOnny D3 ^ n — k + log2P, cjiojkhocxb L3 ^ ( 2 p — l)n 2 "“^" 
H <73 ^ pn 2 "“^ p^onojiHHxejibHbix Bxop,OB. 

4) IIoflcxeMa © 4 , peajiH3yioni,aH Bce KOHbiOHKpHH nocjiep,HHx (n — k) ne- 
peMeHHbix Xi, corjiacHO jieMMe, c rjiyGnHoii D 4 ^ [n — k), cjioacHOCXbio L4 ^ 
3 • 2"“*^ H (74 ^ 3 • 2"“^ 7 ], 0 n 0 JIHHTejIbHbIMH Bxop,aMH. 

5 ) IIoflcxeMa ©5, neoGxoflHMaa p,jiH KonnpoBaHHH (n — 1 ) pas snaneHna Kaac- 
7],oro Bbixop,a nop,cxeMbi ©4. 3xo mojkho Cflejiaxb c rjiyGHHOii ~ log2 n, cjioac- 
HOCxbK) L5 = (n — 1) • 2”“^' n = {n — 1)2"“^ p^onojiHHxejibHbiMH BxoflaMH. 

6) IIoflcxeMa ©e, peajiH3yioni;aa 6yjieBO OToOpaacenne / no (|)opMyae ( 8 ). 
CxpyKxypa p,aHHOH nop,cxeMbi cjie/i,yioni;aH: Bce n2”“^ KOopflHHaxHbix (J^ynn- 
pnit /ij(x) rpynnnpyiOTCa no 2"“^ cjDynKpHH (ncero n rpynn, cooxBexcxByio- 
mnx n Bbixop,aM OToOpaacenna /). OyHKpnn op,HOH rpynnbi oObeflHnaioxca no 
p,Be. B KajKflOH nape (|)yHKLi,HH npoH3Bop,Hxca KonbKJHKpna cooxBCxcxByiomHx 
Bbixop,OB nop,cxeM ©3 n ©5 npn noMoni;H flByx ajieMenxoB 2-CNOT. Ilpn stom 
p,jia KaacflOH napni (J)yHKLi,HH Hcnojibsyexca Oflnn p,onoaHHxejibHbiH Bxop, p,jia 
xpanenna npoMcacyxonnoro peayjibxaxa. TannM oGpaaoM, flannhiii STan xpe6y- 
ex rjiyOnnbi 2, n2"“^ ajieMenxoB 2-CNOT n n2"“^“^ flonojinnxejibnbix Bxop,OB. 
SaxeM B KajKfloii h 3 n rpynn nojiynennbix snanenHii nponcxo^nx cyMMnpoBaHne 
no nop,yjno 2 npn noMomn ajieMenxoB CNOT c jiorapntjDMHnecKon rjiyGnnoH. 
Cjiep,OBaxejibHO, axox sxan xpeOyex rjiyOnnbi (n — k — 1 ), sjieMenxoB CNOT b 
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KOjiHHecTBe — 1) h ne HcnojibsyeT ;i,onojiHHTejiijHbie exo^m, tek kek 

MOJKHO 060HTHCE y>Ke CymeCTByiOmHMH BblXO^aMH ^JIH CyMMHpOBRHHH no MO- 
flyjiio 2. 

B HTore nojiynaeM no;i,cxeMy ©g c rjiyGnHoli Dq ~ (n — k), cjiojkhoctbio 
Lg ^ 3712 "“^“^ H (jfg ^ flonojiHHTejiBHbiMH Bxo^aMn. 

Otmothm, nTO noflcxoMbi ©i-©3 n 64-65 MoryT paGoTaTB napajuiejitno, 
nocKOJibKy OHH pa6oTaK)T c HenepeceKaiom;HMHCH noflMHOJKecTBaMH mhojkoctbr 
BXO^OB Xl, . . . ,Xn o6paTHMOH CXOMBI 6 (cM. pHC. 4 ). 

By^eM HCKRTb napaMeipbi /c h s, y^OBjieTBopHioni,He cjieflyiom;HM ycjiOBHHM: 

{ fc + s = n , 

1 ^ k < n , 

1 ^ s < n , 

2 ^’ / s ^ ipin) , r;i,e ip{n) — HCKOTopan pacTyni;aH (|)yHKLi,HH. 

B 3TOM cjiynae p = [ 2 ^ / s] ~ 2 ^ / s. 

CyMMHpyH rjiyGnHbi, cjiojkhocth h KOJinnecTBO ^onojiHHTejibHbix exo^ob 
B cex noflcxoM 6i-6g, nojiynaoM cjie/i,yion];He openKH fljin xapaKTepncTHK o6- 
paTHMOH cxeMbi 6 . 
rjiy6HHa: 

D{&) ~ max(A: + s + n — k + log2P ; n — k + log„) + n — k , 

D{&) ^ 2 n + s . 


Cjiojkhoctb: 


L(6) - 3 ■ 2^= + 3p2® + (2p - l)n2”-'= + 3 ■ 2""'= + n2”-'= 

3■2" n2”+i n2”+i 


3n2 


n—k—1 


L(6)^3.- 


KojinnecTBO ncnojibsyeMbix ;i,onojiHHTejibHbix exo^ob: 


g(6)-3-2'=+p2®+i- 
g(6) ^ 3 


-pri 2 "-'= + 3-2”-'= 


2 n+l 


n 2 " 

s 


■n 2 ^ 

n2 

s 




n 2 ^ 


i—k — l 


Mbi nocTpoHjiH o6paTHMyio cxemy 6 p/isi nponsBOJibHoro OTo6pa>KeHHH / G 

F(n,q), OTKy^a cjie^eT, hto D(n,q) ^ - 0 ( 6 ). 

OpeHKR (6) floCTHracTca npn k = \n / ^(n)], s = n — \n / (j}(n)~\, r;i,e (f>{n) ^ 
n/(log 2 n + \og 2 tjj(n)) n 'ip(n) — jno6bie CKOJib yro^no Mefljienno pacTyn],He 

4 )yHKU,HH. 

OpcHKa (7) floCTHracTCH npn k = n — \n / (('(n.)], s = [n / , r^e (()(n) < 

n — CKOJib yroflHO mc^jichho pacTymaa (JiynKpHa. □ 

OcTacTCH OTKpbiTbiM Bonpoc nojiynenna aKBHBajienTHbix c TonnocTbio /];o 
nopaflKa HHJKHeii n Bepxneii openoK pjia cjiyHKpHH D{n, q) b caynae q —> oo. 

7. SaKaioHeHHe. B paGoie paccMOTpen Bonpoc o rayGnne o6paTHMbix cxcm, 
cocToaipHx H3 (JlyHKpHOHaabHbix aaeMCHTOB NOT, CNOT n 2-CNOT. Hsynena 
cjiyHKpna UlenHona D(n,q) rayGnHbi o6paTHMOH cxcMbi, pcaansyromeii KaKoe- 
aH6o OToGpRacenne Z 2 —^ Z 2 h 3 MHoacecTea F(n,q), krk (JiynKpiiH ot n n 
KoannecTBa ponoannTeabHbix BxopoB cxcMbi q. ,Z(oKa3aHbi neKOTopbie HHacnne 
H Bcpxnne acHMnTOTHnecKne openKii cjiyHKpHH D{n,q) paa o6paTHMbix cxcm 


12 






c flonojiHHTejibHbiMH BxoflaMH H 6e3. IIoKaaaHO, hto HcnojibsOBanHe ;i,onojiHH- 
TejibHoii naMHTH b tbkhx o6paTHMbix cxeMax hohth Bcer^a nosBOJiaeT chhshtb 
rjiyGHHy cxeMbi, b OTjiHHne ot cxeM, coctohiuhx h3 KjiaccHnecKHx neoGpaTHMbix 
cjjyHKpHonajibHbix sjieMenTOB. 

IIpH peineHHH aa^anH CHHTeaa o6paTHMOH cxeMbi, peajiHayiomeH KaKoe-jinGo 
OTo6pa>KeHHe, npnxoflHTca HCxaTb KOMnpoMHCC Me}K;i,y cjioscHOCTbio CHHTean- 
poBaHHOH cxeMbi, ee BpeMeneM pa6oTbi (rjiyGnHa cxeMbi) h KOjinnecTBOM hc- 
nojibayeMoii flonojiHHTejibHoii naMHTH (flonojiHnxejibHbix bxo,hob b cxeMe). Ha- 
npaBjieHHeM flajibnenninx HCCJieflOBaHnfl: HBjiHexcH 6ojiee ^CTajibHoe nsynenne 
saBHCHMOCTH 3THX BCjiHHHH flpyc OT flpyra. 
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